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We construct a functor from a certain category of quantum semigroups to a
  ..category of quantum groups, which, for example, assigns Fun Mat N toq
  ..  .Fun GL N . Combining with a generalization of the Faddeev]q
Reshetikhin]Takhtadzhyan construction, we obtain quantum groups with universal
R-matrices for every constant solution of the Yang]Baxter equation of both vertex
and face type. Q 1998 Academic Press
1. INTRODUCTION
w xIn their famous article 24 , in addition to a more well-known bialgebra
A , L. Faddeev, L. Takhtadzhyan, and N. Reshetikhin introduced a HopfR
algebra H for each constant solution R of the Yang]Baxter equation ofR
.vertex type , under some additional assumptions for R. Later, developing
w x w xthe idea of R. Lyubashenko 19 , P. Schauenburg 25 gave a category-theo-
retic construction of H under weaker assumptions for R and showed thatR
 . H is coquasitriangular CQT the corresponding result for A is due toR R
w x.18, 5, 25 . Since their construction is very natural, it seems reasonable to
expect that H is useful for the study of the original solution R. However,R
unfortunately, it seems not so easy to examine the structure of H forR
 .given R cf. Remark 8.1 .
In this paper, in order to study H , we investigate the relations betweenR
A and H . More precisely, we construct a functor Hc called the HopfR R
closure functor, which sends A to H . By showing a universal mappingR R
property of Hc, we prove, for example, that H is isomorphic to the HopfR
w xenvelope of A in the sense of Manin 21 as Hopf algebras. Also, we seeR
that the Hopf closure construction agrees with the localization with
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 w x.respect to group-like elements in many cases cf. 5 . In particular, we see
that Hc gives a generalization of M. Takeuchi's free commutative Hopf
w xalgebra functor HP 29 . In forthcoming papers, we use the results of thisc
paper to discuss the ribbon structure and cosemisimplicity of H .R
Actually, we are interested in not only the solutions of a Yang]Baxter
 .equation of vertex type but also those of face type cf. Section 3 , because
the latter seems to have even more direct connections with Jones' index
 wtheory and quantum invariants of 3-manifolds than the former see, e.g., 7,
x.11, 13 . Accordingly, we work in the category of V-face algebras instead of
 w x.that of bialgebras cf. 6]13, 26, 1 . The notion of V-face algebras is
indexed by a finite non-empty set V and contains that of bialgebras as a
 .special case a V s 1. Moreover many important concepts in the bialge-
 .bra theory}such as antipodes, co- quasitriangularity, group-like elements
}have a natural generalization in the theory of face algebras.
The paper is organized as follows. In Section 2, we recall some basic
 w x.concepts and results of a face algebra cf. 9 . Among these, the notion of
 w x.the in¨ertible skew pairing cf. 2, 9 plays a particularly important role
throughout this paper. In Section 3, we introduce the notion of a closable
 .  .coquasitriangular CCQT bialgebra or face algebra , which may be viewed
as an intermediate between a CQT bialgebra and a CQT Hopf algebra. A
CQT bialgebra H is called closable if both the braiding and its inverse
"1  cop.UR are invertible in the dual algebra H m H . We show that H is
closable if and only if there exists a map f : H ª K of CQT bialgebras
such that K has an antipode. Also, we show that A is closable if and onlyR
 "1. t2  w x.if R is invertible cf. Lyubashenko 19 . In Section 4, we give a face
version of a double crossed product construction associated with invertible
skew pairings, which we use to construct the Hopf closure. In Section 5, we
 .define the Hopf closure Hc H for each CCQT face algebra H and state
some of the main results of this paper. In Section 6, we construct the
 . w xbraiding of Hc H . In Section 7, we generalize results of Drinfeld 3 on
quasitriangular Hopf algebras without assuming the existence of the an-
w xtipode. Using this and developing the idea of Reshetikhin 22 , we show
the existence of an antipode of the Hopf closures. In Section 8, we discuss
 . w y1 xthe relation between Hc H and the localization H G . In Section 9, we
give some relations between group-like elements and invertible skew
w y1 xpairings and construct H G for face algebras H. Throughout this
w x paper, we frequently use Sweedler's sigma notation 28 such as D m
.  .id (D a s a m a m a , where D denotes the coproduct of an arbi-1. 2. 3.
trary coalgebra.
The author is grateful to Dr. S. Suzuki for his useful informations. He
also expresses gratitude to the referee for pointing out Theorem 5.1 for
bialgebras together with its application to the proof of Theorem 5.2.
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After submitting this paper, the author received the preprint ``Hopf
En¨elope of a Rigid Coquasitriangular Bialgebra'' by Phung Ho Hai. In this
 .preprint the Hopf closure of a CCQT bialgebra called the Hopf envelope
is constructed in a similar way to ours.
2. FACE ALGEBRAS
Let H be an algebra over a field K equipped with a coalgebra structure
 .H , D, « . Let V be a finite non-empty set and let e s e and e s eÊ ÊH , i i H , i i
 .  .i g V be elements of H. We say that H , e , e is a V-face algebra if theÊi i
following relations are satisfied,
D ab s D a D b , 2.1 .  .  .  .
e e s d e , e e s d e , e e s e e , 2.2 .Ê Ê Ê Ê Êi j i j i i j i j i i j j i
e s 1 s e , 2.3 .Ê k k
kgV kgV
D e e s e e m e e , « e e s d , 2.4 .Ê Ê Ê Ê .  .i j i k k j i j i j
kgV
« ab s « ae « e b 2.5 .  .  . .Ê k k
kgV
for each a, b g H and i, j g V . We call elements e and e face idempo-Êi i
tents of H. It is known that the bialgebra is an equivalent notion of the
 .V-face algebra with a V s 1. For a V-face algebra, we have the formulas
« e a s « e a , « ae s « ae , 2.6 .  .  . .  .Ê Êi i i i
a « e a e s e ae , 2.7 .  . 1. i 2. j i j
« e a e a s e ae , 2.8 .  .Ê Ê i 1. j 2. i j
D a s e a e m e a e , 2.9 .  .Ê Ê k 1. l k 2. l
k , l
e a e m a s a m e a e , 2.10 .Ê Ê i 1. j 2. 1. i 2. j
D e e ae X e X s e a e X m e a e X 2.11 .Ê Ê Ê Ê . i j i j i 1. i j 2. j
for each a g H and i, j, iX, jX g V .
A map f : H ª K between V-face algebras is called a map of V-face
 .algebras if it is both an algebra and a coalgebra map such that f e s e ,i i
 .  .f e s e for each i g V . We denote by FA H , K the set of all maps ofÊ Êi i V
V-face algebras from H to K.
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op  cop.For a V-face algebra H , let H resp. H be the opposite algebra
 . resp. opposite coalgebra of H equipped with the same coalgebra resp.
. op  op .  copalgebra structure of H. Then H [ H , e , e resp. H [Êi i
 cop .. bop  op.copH , e , e becomes a V-face algebra. In particular, H [ HÊi i
becomes a V-face algebra via
e bop s e , e bop s e i g V . 2.12 .  .Ê ÊH , i H , i H , i H , i
0 w xFor a V-face algebra H , its dual face algebra H 8 is defined to be the
dual coalgebra of H equipped with product and face idempotents given by
 :  : :  0 .XY, a s  X, a Y, a X, Y g H , a g H and1. 2.
 :  :0 0e , a s « ae , e , a s « e a a g H , i g V . .  .  .ÊH , i H , i H , i H , i
2.13 .
We say that a linear map S: H ª H is an antipode of H , or H is a Hopf
V-face algebra if
S a a s Eq a , a S a s Ey a , 2.14 .  .  .  .  . 1. 2. 1. 2.
S a a S a s S a 2.15 .  .  .  . 1. 2. 3.
for each a g H , where Eq and Ey denote endomorphisms on H defined
by
Eq a s « ae e , Ey a s « e a e a g H . 2.16 .  .  .  .  .  .Ê k k k k
k k
An antipode of a V-face algebra is an antialgebra-anticoalgebra map,
which satisfies
S e e s e e i , j g V . 2.17 .  .Ê Ê .i j j i
For another Hopf V-face algebra K and a map f : H ª K of V-face
algebras, we have
f S a s S f a a g H . 2.18 .  .  .  . .  .
Let xq, xy, eq, and ey be elements of an arbitrary algebra A. We say
y  q y. qthat x is an e , e -generalized in¨erse of x if the following four
relations are satisfied:
x .x "s e", x "x .x "s x ". 2.19 .
 q y. qWe note that the e , e -generalized inverse of x is unique if it exists.
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Let A be an algebra and fq: H ª A an algebra map. We say that
a linear map fy: H ª A is an antipode of fq if fy is the
 q q q y. qf ( E , f ( E -generalized inverse of f with respect to the convolu-
 .tion product of Hom H , A .K
 .  .LEMMA 2.1. 1 For a V-face algebra H , S g End H is an antipode ofK
H if and only if S is the antipode of id .H
 . q2 Let f : H ª K be a map of V-face algebras such that K is a Hopf
V-face algebra. Then S( fq gi¨ es an antipode of fq.
Proof. This is straightforward.
Similarly to the usual antipode, we obtain the following.
 . qLEMMA 2.2. 1 Let H be a V-face algebra and f : H ª A an algebra
y y y .map with antipode f . Then f is an antialgebra map satisfying f e e sÊi j
q .  .f e e i, j g V .Êj i
 . q  .2 If , in addition, A s K is a V-face algebra and f g FA H , K ,V
y  bop.then f g FA H , K .V
Let H and K be V-face algebras and let T q: H m K ª K be a bilinear
 q y. y pairing with E , E -generalized inverse T in the dual algebra H m
.U "K , where the E are given by
Eq a, x s « ae « e x , Ey a, x s « e a « xe 2.20 .  .  .  .  .  .  . k k k k
k k
q   q y..for each a g H and x g K. We say that T or T , T is an in¨ertible
 .skew pairing on H , K if it satisfies
T q ab, x s T q a, x T q b , x , 2.21 .  .  . . 1. 2.
T q a, xy s T q a , y T q a , x 2.22 .  .  .  . 1. 2.
q .  . q .  .together with T a, 1 s « a and T 1, x s « x for each a, b g H
and x, y g K. We call T y the generalized in¨erse of T q. For an invertible
skew pairing T q, we have the formulas
T y ab, x s T q b , x T y a, x , 2.23 .  .  . . 1. 2.
T y a, xy s T y a , x T y a , y , 2.24 .  .  .  . 1. 2.
T q e e ae e , x s T q a, e e xe e , 2.25 .Ê Ê Ê Ê .  .i j k l j l i k
T y e e ae e , x s T y a, e e xe e , 2.26 .Ê Ê Ê Ê .  .i j k l k i l j
T q e e , x s « e xe , T q a, e e s « e ae , 2.27 .  .  .Ê Ê .  .i j j i i j i j
T y e e , x s « e xe , T y a, e e s « e ae 2.28 .  .  .Ê Ê .  .i j i j i j j i
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for each a, b g H , x, y g K and i, j, k, l g V . As a consequence of these
formulas, we obtain the following.
 q y.  . yLEMMA 2.3. For an in¨ertible skew pairing T , T on H , K , T :21
y .  .x m a ¬ T a, x gi¨ es an in¨ertible skew pairing on K , H with generalized
q q .in¨erse T : x m a ¬ T a, x .21
We say that a bilinear pairing T q: H m K ª K is a skew pairing on
 .  .  .  .H , K if the relations 2.21 , 2.22 , and 2.27 are satisfied. For each
 .  .  .bilinear pairing T: H m K ª K, we set T a s T a, y and T x sL R
 .  .T y, x a g H , x g K .
w x q q  q q.LEMMA 2.4 2 . The correspondence T ¬ T resp. T ¬ T gi¨ es aL R
q  .   0.cop.bijection between the set of skew pairings T on H , K and FA H , KV
  op 0.. q qresp. FA K , K . The skew pairing T is in¨ertible if and only if TV L
 q. q  q.resp. T has an antipode. In this case, the antipode of T resp. T isR L R
y  y.T resp. T .L R
 .Proof. By 2.22 , we have
mU T q a s T q a m T q a g HU m HU . 2.29 .  .  .  . . L L 2. L 1.
w x qHence by Sweedler 28, Proposition 6.0.3 , T gives a coalgebra map fromL
 0.cop  w x.  .  .  .copH to K cf. 18 . By 2.27 , 2.13 , and the definition of , we
q . q   0.cop.0 cop 0 copobtain T e e s e e . Thus we have T g FA H , KÊ ÊL i j K . , i K . , j L V
 .by 2.21 . The proof of the other assertions is straightforward.
Let H be a V-face algebra and let Rqs Rq be an element ofH
 .U  U  .  op.U  .. y yH m H with m 1 , m 1 -generalized inverse R s R , whereH
 ".m: H m H ª H denotes the product of H. We say that H , R is a
 .coquasitriangular or CQT V-face algebra if the following relations are
satisfied:
UU Uq y opR m X R s m X X g H , 2.30 .  .  .  .  .
U Uq q q q q qm m id R s R R , id m m R s R R . 2.31 .  .  .  .  .13 23 13 12
 .U  4  4  m3.UHere for Z g H m H and i, j, k s 1, 2, 3 , we define Z g H byi j
 .  .  .  .Z a , a , a s Z a , a « a a , a , a g H . As in case H is a bialge-i j 1 2 3 i j k 1 2 3
bra, R " satisfies the Yang]Baxter relations,
R " R " R "s R " R " R ", 2.32 .12 13 23 23 13 12
R . R " R "s R " R " R ., R . R . R "s R " R . R ., 2.33 .23 12 13 13 12 23 13 23 12 12 23 13
q .  . q .  .and also, R a, 1 s « a s R 1, a a g H . On the other hand, by
 .  .  q y.  U  .  op.U  ..  .2.5 and 2.6 , we have E , E s m 1 , m 1 . Hence, by 2.31 ,
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q  . yR is an invertible skew pairing on H , H with generalized inverse R .
" "  .  .Therefore T s R satisfies the relations 2.21 ] 2.28 . Note that the
 .relation 2.30 is equivalent to
Rq a , b a b s b a Rq a , b a, b g H . 2.34 .  . .  . 1. 1. 2. 2. 1. 1. 2. 2.
 ".Let K , R be another CQT V-face algebra and f : H ª K a map ofK
V-face algebras. Then f is called a map of CQT V-face algebras if
U q qf m f R s R . 2.35 .  . .K H
If H is a Hopf V-face algebra, then we have
U Uq y y qS m id R s R , id m S R s R . 2.36 .  .  .  .  .
An ideal I of a V-face algebra H is called a bi-ideal if it is a coideal of
the underlying coalgebra of H. If in addition, H is a Hopf V-face algebra
 .  .  " .resp. CQT V-face algebra and I satisfies S I ; I resp. R I , H s
" . .  .R H , I s 0 , then I is called a Hopf ideal resp. CQT bi-ideal of H. A
bi-ideal I is called a CQT Hopf ideal if it is both a Hopf ideal and a CQT
bi-ideal of H. For each V-face algebra resp. CQT V-face algebra, CQT
. Hopf V-face algebra H and its bi-ideal resp. CQT bi-ideal, CQT Hopf
. ideal I , the quotient HrI becomes a V-face algebra resp. CQT V-face
.algebra, CQT Hopf V-face algebra in an obvious manner.
3. CLOSABLE CQT FACE ALGEBRAS
 ". Let H , R be a CQT V-face algebra. We say that H is closable or H
.  q y.is a CCQT V-face algebra if there exist both F , F -generalized
y q  y q. q yinverse Q of R and F , F -generalized inverse Q of R in the
 cop.U "algebra H m H , where the F denote bilinear forms on H defined
by
F q a, b s « e a « e b , .  .  . k k
k
3.1 .
yF a, b s « ae « be a, b g H . .  .  .  . k k
k
We call Q " Lyubashenko forms of H. Explicitly, the Q " are Lyubashenko
forms of H if and only if they satisfy
R " a , b Q . a , b s F . a, b , 3.2 .  . .  . 1. 2. 2. 1.
Q . a , b R " a , b s F " a, b , 3.3 .  . .  . 1. 2. 2. 1.
Qq e ae , b s Qq a, e be , Qy e ae , b s Qy a, e be 3.4 .Ê Ê Ê Ê .  .  .  .i j i j i j i j
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for each a, b g H and i, j g V . For each Lyubashenko forms Q ", define
four bilinear pairings P ", P ": H m H bop ª K by setting1 2
Pq a, s b s Qq b , a , Py a, s b s Ry b , a , 3.5 .  .  .  .  . .  .1 1
Pq a, s b s Rq b , a , Py a, s b s Qy b , a 3.6 .  .  .  .  . .  .2 2
for each a, b g H , where s : H ª H bop denotes the canonical anti-iso-
morphism, which satisfies
s e s e bop , s e s e bop i g V . 3.7 .  .  . .Ê ÊH , i H , i H , i H , i
 .  . " "  .Then, using 2.21 ] 2.28 for T s R , 2.6 , and Lemma 2.3, we see that
q q  bop.both P and P give invertible skew pairings on H , H . It follows1 2
" "  .  .from this fact that T s Q satisfies the relations 2.21 ] 2.28 for each
a, b, x, y g H and i, j, k, l g V .
 ".THEOREM 3.1. Let H , R be a CQT V-face algebra. Then there exists
a CQT Hopf V-face algebra K and a map f : H ª K of CQT V-face
algebras if and only if H is closable. In particular each CQT Hopf V-face
algebra is closable.
The ``if'' part of the theorem will be proved by constructing the functor
Hc. Here we give a proof of the ``only if'' part of the theorem. Using the
map f , define bilinear forms Q " on H by setting
Qq a, b s Ry S f a , f b , Qq a, b s Rq f a , S f b .  .  .  .  .  . .  . .  .K K
3.8 .
 .  . q qfor each a, b g H. By 2.31 and 2.22 for T s R , the left-hand side ofK
 .q q  .   . .  . .  .q3.2 equals  R f a , S f b f b . Hence 3.2 follows fromK 1. 2.
 .  .  .y  .  .2.14 and 2.27 . The proof of 3.2 and 3.3 is similar. The relation 3.4
 .  .  . " "follows from 2.17 and 2.25 , 2.26 for T s R .K
 .PROPOSITION 3.2. 1 The Lyubashenko forms of a CQT V-face algebra
are unique if they exist.
 .2 Let f : H ª K be a map of CQT V-face algebras. If K has
Lyubashenko forms Q ", then H also has Lyubashenko forms gi¨ en byK
"  .U  ".Q [ f m f Q .H K
Proof. The first assertion follows from the uniqueness of the general-
ized inverse. The second assertion is obvious.
 ".  ..PROPOSITION 3.3. For each CQT V-face algebra H , R , H , R ,21
 op ..  cop ..  ".H , R , and H , R are also coquasitriangular. If H , R is
closable with Lyubashenko forms Q ", then these three algebras also are
closable with Lyubashenko forms Q ., Q ., and Q ., respecti¨ ely.21
Proof. This is straightforward.
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 .In the remaining part of this section, we recall a face version of the
 .  .Faddeev]Reshetikhin]Takhtadzhyan FRT construction A w , and give a
 .criterion for the closability of A w in terms of a condition for the
solution w of the Yang]Baxter equation, which was introduced by
w xLyubashenko 19 for vertex models.
Let G be a finite oriented graph with a set of vertices V s G 0. For an
 .  .  .  .edge p, we denote by s p and r p its source start and its range end ,
respectively. For each m G 1, we denote by G m s @ G m the set ofi, jg V i j
m  .paths of G of length m, that is, p g G if p is a sequence p , . . . , p ofi j 1 m
 .  .  .  .  .edges of G such that s p [ s p s i, r p s s p 1 F n - m and1 n nq1
 .  .  .  . 0  4 0r p [ r p s j. Also, we set s i s i s r i , G s i , and G s B form ii i j
p .  .each i g V and j / i. Let H G be the linear span of the symbols e q
 m .  .p, q g G , m G 0 . Then H G becomes a V-face algebra by setting
i i
e s e , e s e . 3.9 .Ê  i j /  /j j
jgV igV
p p ? rre e s d d e , 3.10 .rp.s r. rq.s s. / /  /q s q ? s
pp pt
D e s e m e , « e s d 3.11 . pqq / /  / / /  /q qtmtgG
m n  .for each p, q g G and r, s g G m, n G 0 . Here for paths p s
 .  .  .p , . . . , p and r s r , . . . , r , we set p ? r s p , . . . , p , r , . . . , r if1 m 1 n 1 m 1 n
 .  .  .  .r p s s r and m, n G 1, and also, we set s p ? p s p s p ? r p for each
m  .p g G m G 0 .
p 1 .r sWe say that a quadruple is a face if p, q, r, s g G and
q
s p s s r , r p s s s , r r s s q , r q s r s . .  .  .  .  .  .  .  .
3.12 .
 .  .We say that G, w is a face model or V-face model over K if w is a map
p p .  .r s r swhich assigns a scalar w g K to each face of G. A face model
q q
 .  .G, w is called a ¨ertex model if a V s 1. For convenience, we set
p 1 .  .  .r sw s 0 unless p, q, r, s g G satisfy 3.12 . For a face model G, w ,
q
 2 .we identity w with the linear operator on span G given by
p
2w p, q s w r, s p, q g G . 3.13 .  .  .  . . r q
2 .r , s gG s
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A face model is called in¨ertible if w is invertible as an operator on
 2 .  .span G . For an invertible face model G, w , we define another face
 y1 .  .model G, w , using the identification 3.13 . An invertible face model is
 .called star-triangular or Yang]Baxter if w satisfies the braid relation
 3.w w w s w w w , where w and w denote linear operators on span G1 2 1 2 1 2 1 2
 .  .  .  .defined by w p, q, r s w p, q m r and w p, q, r s p m w q, r . Here we1 2
 . 3  1.m3identity p, q, r g G with p m q m r g span G .
 .  .  .For a face model G, w , we define the algebra A G, w s A w to be
 .the quotient of H G modulo the relations
pc
c ? d a ? bw e s w ea d  r q  /p ? q / r ? s
2 2 .  .bc, d gG r, s gG s
p, q , a, b g G 2 . .  . .
 .Then A w has a unique structure of the V-face algebra such that the
 .  .  .projection H G ª A w is a map of V-face algebras. If G, w is star-tri-
"  .angular, then there exist unique bilinear pairings R on A w such that
  . ".A w , R is a CQT V-face algebra and that
q
p rqR e , e s w 3.15 .r s / / /q s
p
1 Ï w x.  .for each p, q, r, s g G cf. 18, 5, 25, 12 . For a vertex model w s R, A w
Ï  .  .coincides with the FRT bialgebra A , where R s PR and P p, q s q, p .R
To give a more direct description of the form Rq, we introduce the
p .r snotion of the partition function. We say that is a boundary condition
q
n m  .of size m = n if p, q g G , r, s g G and the relation 3.12 is satisfied.
 .For a face model G, w , we define its partition function to be the
extension w: @ G m = G m = G n = G n ª K of the map w, which ism , nG 0
determined by the following two recursion relations,
p ? p9 p9p
w s w w , 3.16 .r s a s r a
m qagGq ? q9 q9
p p a
w s w w 3.17 .r9 s9r ? r9 s ? s9 r s
n qq agG a
p, q g G n , pX , qX g G n
X
, r, s g G m , rX , sX g G m
X
, .
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together with the condition
ip
mp qw s d d d s w i , j g V , p, q g G . .i j pq is p. jrp.
q j
3.18 .
p pw x  .r s r sWe note that w s 0 unless is a boundary condition. With
q q
 . n m this notation, the relation 3.15 holds for all p, q g G , r, s g G m, n G
.0 .
Ä m ÄmLet G be the orientation-reversed graph of G and let : G ª G ;Ä &
 .p ¬ p m G 0 be the canonical bijection which satisfies p ? qs q ? p,Ä Ä Ä
 .  .  .  .s p s r p , and r p s s p . We also define a new graph G by settingÄ Ä LD
0 1 1 1Ä Ä ÄG s V and G s G @ G . Let G = G and G = G denote subsets ofLD LD
2  1.G consisting of elements of the form p ? q and p ? q p, q g G , respec-Ä ÄLD
y Ä Ä .  .tively. We define linear operators w , w : span G = G ª span G = GLD LD
by
p p y1 qÄw p ? q s w r q r ? s; w r q \ w p s , 3.19 .  .Ä ÄLD LD s LD s rÄ Ä
r, s
y y p y p qÄ Äw p ? q s w r q r ? s; w r q \ w p s . 3.20 .  .Ä ÄLD LD s LD s rÄ Ä
r, s
 .We say that a star-triangular V-face model G, w is closable if both wLD
and wy are invertible. In this case, we define a new V-face modelLD
 .  2 . 2G , w by extending w on span G via w s w,LD LD LD LD LD N spanG .
y y1 .w s w andÄLD N spanG=G . LD
pÄ q
1w s w p, q, r, s g G . 3.21 .r s  .Ä Ä s rLD
pqÄ
 .We call w the Lyubashenko double of w. As in case G, w is a vertexLD
 .model, G , w is a star-triangular face model.LD LD
 .  .PROPOSITION 3.4. For a star-triangular face model G, w , A w is clos-
 . "able if and only if G, w is closable. In this case, Lyubashenko forms Q of
 .A w are gi¨ en by




p ryQ e , e s w s rLD Ä Ä / / /q s
p
m n  .for each p, q g G and r, s g G m, n G 0 .
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Ä" w x.  .Proof. cf. 18 . Let Q denote the bilinear pairings on H G defined
 .by the right-hand sides of 3.22 . Then we obtain
c
e c ? dqÄQ e , w ea d p ? q / /f 2 . bc, d gG
p
a ? by w e r q  /r ? s 02 .r , s gG s
y1 y1 y1 y1s w w w y w w w .  .  .  .  .  . .ÄLD LD LD LD LD LD2 1 2 1 2 1 f?a?b , p?q?eÄ
s 0
1  .  . 2  .  .  .for each e, f g G and a, b , p, q g G such that r f s s a and r e s
 .  3.  .  3.r q , where for f g End span G , we set f q s  p f p g G . More-p pq
w xover, by the definition of w , the left-hand side of the above equation is
 .still 0 even if the conditions stated above are not satisfied. Since 3.14
Äq .  .  .spans a coideal of A w and since Q satisfies 2.21 ] 2.22 , this implies
  .  .. qthat I [ Ker H G ª A w belongs to the right radical of Q . The
y "Ä Ä .  .proof of Q H , I s Q I , H s 0 is similar.
 .EXAMPLE 3.1. 1 Let V be a finite-dimensional vector space. Since the
identity operator w s id on V m2 satisfies the braid relation inVmV
 m3.End V , it gives an example of the Yang]Baxter vertex model, which is
non-closable. The corresponding FRT bialgebra is given by
U  :A id s T End V s t N no relations 3.23 .  .  . . p q
 .  .with coproduct D t s  t m t 1 F p, q F dim V . The Hopf enve-p q r pr r q
w xlope of this bialgebra is known in 29 as an example of a Hopf algebra
with non-bijective antipode.
 . w x 2 In 14 , without a proof, Hietarinta gives a list of all invertible and
.non-invertible solutions of the Yang]Baxter equation of vertex type in
two dimension. His list consists of one three-parameter solutions, three
two-parameter solutions, four one-parameter solutions, and three sporadic
solutions. Among these, only two of the sporadic solutions are non-closa-
 .ble. One is the two-dimensional case of 1 and the other solution R isH 0, 2
 .  .given by u m u ¬ "1 u m u q u m u and u m u ¬ "1 u m" " q q y y . " q
 4u q u m u , where u , u denotes a basis of the vector space. Unlikey y q q y
Ï .  .Example 1 , the bialgebra A R has non-trivial relations, although itH 0, 2
does not have Lyubashenko forms.
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 . =  .  .3 Let V be a finite set. A map W: V = V ª K ; i, j ¬ W i, j is
called a spin model if it satisfies the conditions
W i , j s W j, i , 3.24 .  .  .
"1 .1’W i , i s a, W i , l s > V a , 3.25 .  .  .  .
l
W i , l W l , j s > V d , 3.26 .  .  .  . i j
l
y1 y1 y1’W i , l W j, l W k , l s > V W i , j W j, k W k , i .  .  .  .  .  .  .
l
3.27 .
’for each i, j, k g V , where a denotes a fixed constant and > V .
 . w xdenotes one of the square roots of > V . In 16 , V. Jones considered spin
models in order to construct state sum models of link invariants. Spin
models also have close connections with combinatorial objects such as
 w x.strongly regular graphs and association schemes see, e.g., 15 . For a spin
 .  . 0model W, we define a face model G, w s G , w by setting G s V ,W W
 1 .  .> G s 1 i, j g V andi j
i ª j y1 y1’w s > V W j, l W i , k i , j, k , l g V . .  .  .  .x x  /
l ª k
3.28 .
Here we denote by i ªj or x i the unique element of G1. It is easy toj i j
 .verify that G, w is a closable star-triangular face model with Lyubashenko
double
i ¤ j i ª j i ¤ j
w s w s wx x ­ ­ ­ ­LD LD LD
l ¤ k l ª k l ¤ k
i ª j
s w ,x x
l ª k
i j i Ä1where ¤ s ­ denotes the unique element of G . We expect that thej i j
results of this paper give a quantum group theoretic interpretation of the
link invariant construction mentioned above, since the Hopf closure
  ..Hc A w naturally becomes a ``coribbon Hopf face algebra.''W
w xSee, e.g., 17, 7 for other examples of face models.
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4. A DOUBLE CROSS PRODUCT CONSTRUCTION
Let H and K be V-face algebras and let Pq be an invertible skew
 . ypairing on H , K with generalized inverse P . Let E be the subalgebra
of H or K generated by face idempotents. In this section, we define a
V-face algebra structure on H j K [ H m K , which we call the doubleP E
 . qcross product of H , K via P . Our construction is a generalization of
w xthat of Y. Doi and M. Takeuchi 2 , which is a dual version of the twisted
w x product of Reshetikhin and Semenov-Tian-Shansky 23 see also S. Majid
w x.20 .
PROPOSITION 4.1. Let H , K , P ", and E be as abo¨e. Then H j KP
becomes a V-face algebra by setting e s e m 1, e sÊH j K , i H , i E H j K , iP P
 .e m 1 i g V , andÊH , i E
a m x b m y s Pq b , x ab m x y Py b , x , 4.1 .  .  . .  .E E 1. 1. 2. E 2. 3. 3.
D a m x s a m x m a m x , 4.2 .  . .  .E 1. E 1. 2. E 2.
« a m x s « ae « e x a, b g H , x , y g K . 4.3 .  .  .  .  .E k k
k
 .  .Proof. We denote the right-hand side of 4.1 by M a, x, b, y . Using
 .  .  .  .2.10 , 2.25 , 2.26 , and 2.11 , we calculate
M ae e , x , b , e e yÊ Ê .i j k l
s Pq e b , x e ab m x y Py e b , x eÊ Ê .  . i 1. 1. k 2. E 2. j 3. 3. l
s Pq b e , e x ab m x y Py b e , e xÊ Ê  . . 1. k i 1. 2. E 2. 3. l j 3.
s M a, e e x , be e , y . 4.4 .Ê Ê .i j k l
 .  .m2Therefore, 4.1 gives a well-defined map m: H j K ª H j K. TheP P
 .  .  .  .associativity of m easily follows from 2.21 ] 2.24 . By 2.27 and 2.28 , we
have
a m 1 b m y s ab m y , a m x 1 m y s a m xy. 4.5 .  .  .  .  .E E E E E E
 .In particular, 1 m 1 gives the unit of the algebra H j K , m . It is easyE P
 .  . to verify that 4.2 and 4.3 gives a coalgebra structure on H j K cf.P
w x.  .  .  .12 and that H j K satisfies the relations 2.1 ] 2.4 . To show 2.5 forP
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H j K , we calculateP
« a m x b m y .  . .E E
s Pq b , x « ae « e b e « e x e « e y .  .  . .  .  1. 1. k k 2. m m 2. l l
k , l , m
= Py b , x .3. 3.
s Pq b e , e x Py b , x « ae « e y .  .Ê Ê  . .  1. l k 1. 2. 2. k l
k , l
s « ae « e xe « e be « e y , .  .  .  . k k n n l l
k , l , n
 .  .where the first equality follows from 2.5 and 2.6 , the second equality
 .  .  .follows from 2.7 and 2.25 , and the third equality follows from 2.11 .
This completes the proof of the proposition.
5. THE HOPF CLOSURE
 ". "Let H , R be a CCQT V-face algebra with Lyubashenko forms Q .
Applying the double cross product construction to the invertible skew
q Ã bop .pairing P given by 3.5 , we obtain a V-face algebra H [ H j H .1 P1ÃExplicitly, the operations of H are given by
a m s b c m s d .  . .  .E E
s Ry b ,c Qq b , c ac m s db , 5.1 . .  .  . 1. 3. 3. 1. 2. E 2.
D a m s b s a m s b m a m s b , 5.2 .  . .  .  . .  .E 1. E 2. 2. E 1.
« a m s b s « ae « be , 5.3 .  .  .  . . E k k
k
e s e m s 1 , e s e m s 1 5.4 .  .  .Ê ÊÃ ÃH , i H , i E H H , i H , i E H
for each a, b, c, d g H and i g V , where s : H ª H bop denotes the
Ãcanonical anti-isomorphism. Let I be the ideal of H generated by all
elements of the form
1 m s a a m 1 y « ae e , 5.5 .  .  . . . E 1. 2. E k k
k
a m s a y « e a e a g H . 5.6 .  .  .  .Ê 1. E 2. k k
k
It is easy to verify that I becomes a bi-ideal. We denote the quotient
Ã  .V-face algebra HrI by Hc H and call it the Hopf closure of H. For
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 .  .  .simplicity, we denote an element a m s b q I of Hc H by as b forE
each a, b g H.
 .The Hopf closure Hc H has the following universal mapping property.
THEOREM 5.1. Let H be a CCQT V-face algebra and A an algebra. Let
fq: H ª A be an algebra map with antipode fy. Then there exists a unique
algebra map f such that the diagram





 .  . is commutati¨ e, where i: H ª Hc H is gi¨ en by i a s a m 1 q I a gE
.H . Explicitly, we ha¨e
q yf as b s f a f b . 5.7 .  .  .  . .
qIf A s K is a V-face algebra and f is a map of V-face algebras, then so is f.
Proof. Suppose that an algebra map f makes the above diagram
commutative. Then using the uniqueness of the generalized inverse, we
y Ã Ã  ..  .  .obtain f s b s f b . Hence f is given by 5.7 . Let f : H ª A be the
Ã q y Ã  ..  .  .linear map defined by f a m s b s f a f b . To show f is anE
algebra map, we define the linear maps F, G: H m H ª A by setting
F b , c s fy b fq c , .  .  .
5.8 .y q q yG b , c s R b , c Q b , c f c f b .  . .  .  . 1. 3. 3. 1. 2. 2.
for each b, c g H. We obtain
fqm « )G b , c s fq b c Ry b , c Qq b , c fy b .  . .  .  .  . . 1. 2. 2. 3. 4. 1. 3.
s fq Ry b , c c b Qq b , c fy b .  .  . . 1. 2. 3. 2. 4. 1. 3.
s Ry e b , c Qq b , c fq c e ,Ê .  .  .  k 1. 2. 2. 1. 3. k
k
 .where the second equality follows from 2.30 and the third equality
q y q y  .  . y  .follows from f ) f s f ( E and 2.7 . Using 2.26 for R and 2.9 , we
see that the right-hand side of the above equality is
Ry b , c Qq b , c fq c . .  . 1. 2. 2. 1. 3.
s « e b « e c fq c 5.9 .  .  .  . k k 1. 2.
k
s fq( Ey m fq b , c . 5.10 .  .  . .
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Hence, we have
fq( Eq m « )G s fym « ) fqm « )G .  .  . .
s fym « ) fq( Ey m fq .  . .
s fym « ) fqm « ) F s fq( Eq m « ) F . .  .  . .
 .  .  .On the other hand, using 2.8 , 2.26 , and 2.9 , we get
fq( Eq m « )G b , c .  . . .
s Ry b e , c Qq b , c fq e c fy b .Ê  .  . .  1. k 3. 3. 1. k 2. 2.
k
s Ry b , e c Qq b , c fq e c fy b .Ê  .  . .  1. k 3. 3. 1. k 2. 2.
k
s G b , c .
q q Ã . .and f ( E m « ) F s F. Thus F s G and f is an algebra map. Using
y  .this fact together with the definition of the antipode f , we see that 5.7
 .gives a well-defined algebra map from Hc H to A. The last assertion
 .  .follows from 5.7 and Lemma 2.2 2 .
The proof of the following result will be given in Sections 6 and 7.
THEOREM 5.2. For each CCQT V-face algebra H , its Hopf closure
 .Hc H becomes a CQT Hopf V-face algebra whose antipode and braiding are
gi¨ en by
S as b s Qy b , b b s a Qq b , b 5.11 .  .  . .  .  . 2. 1. 3. 5. 4.
s Qq b , b b s a Qy b , b , 5.12 .  . .  . 1. 2. 3. 4. 5.
Rq as b , cs d .  . .
s Qy a , d Rq a , c Rq b , d Ry b , c , 5.13 .  . .  .  . 1. 2. 2. 1. 2. 1. 1. 2.
Ry as b , cs d .  . .
s Qq b , c Ry b , d Ry a , c Rq a , d 5.14 .  . .  .  . 2. 1. 1. 2. 1. 2. 2. 1.
for each a, b, c, d g H.
COROLLARY 5.3. Let H and K be CCQT V-face algebras and f : H ª K
 .  .a map of CQT V-face algebras. Then there exists the map Hc f : Hc H ª
 .Hc K of CQT V-face algebras gi¨ en by
Hc f as b s f a s f b a, b g H . 5.15 .  .  .  .  .  . .  .
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 .Therefore the correspondence H ¬ Hc H gi¨ es a functor from the category
of CCQT V-face algebras to the category of CQT Hopf V-face algebras, which
is a left adjoint to the underlying functor from CCQT V-face algebras to CQT
Hopf V-face algebras.
w xRemark 5.1. In 21 , Manin constructed a functor called the Hopf
 . envelope, which sends finitely generated bialgebras to Hopf algebras see
w x.  .also 29 . By Lemma 2.1 2 and the universal mapping properties of the
Hopf envelope and the Hopf closure, the Hopf closure of a CCQT
bialgebra H agrees with the Hopf envelope of H as Hopf algebras. Our
result shows, for example, that the Hopf envelope of a finitely generated
CCQT bialgebra is again finitely generated.
For a finitely generated CQT V-face algebra H , there exists a star-trian-
 .  .gular V-face model G, w and a CQT bi-ideal I of A w such that
 .  w x .H ( A w rI as CQT V-face algebras see 12 for a proof . Therefore, we
have the following.
THEOREM 5.4. Let H be a CQT Hopf V-face algebra, which is finitely
generated as an algebra. Then, there exists a closable star-triangular V-face
 .   ..model G, w and a CQT Hopf ideal I of Hc A w such that H (
  ..Hc A w rI as CQT Hopf V-face algebras.
By standard algebraic arguments, we obtain the following description of
 .the Hopf closure of A w .
 .PROPOSITION 5.5. For a closable star-triangular V-face model G, w , the
  ..face algebra Hc A w is isomorphic to the algebra generated by symbols
p p mÄ .  .  .e ,e p, q g G , m G 0 with defining relationsq qÄ
ke s 1, 5.16 .  /l
k , lgV
p p ? rre e s d d e ,rp.s r. rq.s s. / /  /q s q ? s
p p ? rÄ Ä ÄrÄe e s d d erp.s r. rq.s s.Ä Ä Ä Ä / /  /q sÄ Ä q ? sÄ Ä 5.17 .
p, q g G m , r, s g G n , m , n G 0 , .
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c P
c d a bw e e s w e ea d R Q LD LD  /  /p q /  / r s
r?s 5.18c?d  .b S
1 1 1 1Ä Äp, q, a, b g G , p, q, a, b g G or q, a g G , p, b g G , .
qÄ Äpt t 1e e s d e , e e s d e p, q g G , .Ê pq rp. pq s p.q /  / /  /pÄ t Ät1 1tgG tgG
5.19 .
 .where, for example, the summation with respect to r in 5.18 is taken o¨er for
1 Ä1 1 Ä1all r g G or r g G according to a g G or a g G . The coalgebra
structure is gi¨ en by
p pÄ Ä Äpp tt
D e s e m e , D e s e m e q / /  / /q  /  / / / qq Ät Ä Äm m ttgG tgG
5.20 .
p p mÄ  ..   ..and « e s « e s d for each p, q g G and the face idempotentspqq qÄ
 .are gi¨ en by 3.9 . The antipode and the braiding are gi¨ en by
qÄp
S e s e , / /q  /pÄ
brpÄ r"1 .1S e s w e w Äa q Ä Ä p bLD LD Ä /s / /qÄ mr, s , a , bgG a s
p, q g G m ; m G 0 , 5.21 .  .
q
p rqR e , e s w ,r sLD / / /q s
p
5.22 .
sp ry y1R e , e s w p qLD / / /q s
r
m Äm n Änp, q g G or p, q g G ; r, s g G or r, s g G ; m , n G 0 . .
Combining this result with Theorem 5.4, we obtain the following stan-
dard generator theorem for CQT Hopf V-face algebras.
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THEOREM 5.6. For a finitely generated CQT Hopf V-face algebra H , there
p pÄ .  .  .exist a closable star-triangular V-face model G, w and generators e , eq qÄ
 m .  .  .p, q g G , m G 0 of H such that the relations 5.16 ] 5.22 are satisfied.
 .6. THE BRAIDING STRUCTURE OF Hc H
 ". "Let H , R be a CCQT V-face algebra with Lyubashenko forms Q
 .and let s , Hc H , etc., be as in the previous section. Applying Lemma 2.4
 q y.  .and Theorem 5.1 to the invertible skew pairing R , R on H , H , we
 .  0.cop  . q . y .obtain the map Hc H ª H ; as b ¬ R a R b of V-face alge-L L
q   . .bras, or equivalently, we obtain the skew pairing R on Hc H , HHc, H
given by
Rq as b , c s Rq a, c Ry b , c . 6.1 .  .  . .  .Hc , H 1. 2.
 q y.  bop.Similarly, using the invertible skew pairing O , O on H , H given by
Oq a, s c s Qy a, c , Oy a, s c s Rq a, c , 6.2 .  .  .  .  . .  .
y  .we obtain the bilinear pairing Q : Hc H m H ª K given byHc, H
Qy as b , d s Rq b , d Qy a, d . 6.3 .  . .  .  .Hc , H 1. 2.
We obtain
Qy a s b , c Rq a s b , c .  . .  . Hc , H 1. 2. 2. Hc, H 2. 1. 1.
s RyRq b , c Qy a , c Rq a , c .  .  . . 2. 1. 3. 2. 1.
s « be Qy a , c Rq a e , c .  .  .  k 1. 2. 2. k 1.
k
s « e as b « e c , 6.4 .  .  . . k k
k
 q .  y .  q . yor equivalently, R ) Q s R ( E in the convolutionHc, H R Hc, H R Hc, H R
   .0.op.  .algebra Hom H , Hc H , where the second equality of 6.4 followsK
 .  .  .  .from 2.7 and 2.25 and the third equality follows from 2.11 and 3.3 .
 y .Continuing similar calculations, we see that the map Q gives theHc, H R
 q .    .0.op.antipode of R g FA H , Hc H . Hence we obtain the skewHc, H R V
q   .  ..pairing R on Hc H , Hc H given byHc
q  y q :R as b , cs d s Q d R c , as b , 6.5 .  .  .  .  .  . .  .  .Hc Hc, H Hc, HR R
 .  ..  ".which agrees with 5.13 . Considering H , R instead of H , R , we21
y  .  .also obtain the bilinear form R given by 5.14 . Imitating 6.4 , we seeHc
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y q  . qthat R is the generalized inverse of R . To show 2.30 for R , weHc Hc Hc
need the following.
 .LEMMA 6.1. In Hc H , we ha¨e
s a a s « ae e , a s a s « e a e , 6.6 .  .  .  .  .Ê   1. 2. k k 1. 2. k k
k k
s b c s Ry b , c Qq b , c c s b , 6.7 .  . .  .  . 1. 3. 3. 1. 2. 2.
s c b s Qy b , c Rq b , c b s c 6.8 .  .  . .  . 1. 3. 3. 1. 2. 2.
for each a, b, c g H.
 .Proof. It suffices to prove the last relation. By 2.34 , we obtain
Qy b , c Rq b , c s c c b s c .  . .  . 1. 5. 3. 3. 1. 2. 2. 4.
s Qy b , c Rq b , c s c b c s c .  . .  . 1. 5. 2. 2. 1. 3. 3. 4.
s Qy b , c Rq b e , e c s c b , . .  .  1. 3. 2. k k 2. 1. 3.
k
 .  .  .  .where the second equality follows from 6.6 , 2.7 , and 2.10 . By 2.25 ,
 .  .  .  .3.3 , and 2.7 ] 2.8 , the right-hand side of this equality is  s e c e b sÊk k k
 .  .s c b. On the other hand, by 6.6 , the left-hand side of this equality is
Qy b , c Rq b , c e e b s c , .Ê .  .  1. 3. 3. 1. k k 2. 2.
k
 .  .  .which agrees with the right-hand side of 6.8 by 2.25 and 2.9 .
By the lemma above, we have
Ry b , c s b c s Ry b , c c s b , 6.9 . .  .  .  . 2. 1. 1. 2. 1. 2. 1. 2.
Qy a , d a s d s Qy a , d s d a . 6.10 . .  .  .  . 1. 2. 2. 1. 2. 1. 2. 1.
 .  .Using these, for x s as b and y s cs d , we obtain
Rq x , y x y . Hc 1. 1. 2. 2.
s Qy a , d Rq a , c . . 1. 3. 2. 1.
=Rq b , d Ry b , c a c s d b .  .  .3. 2. 1. 3. 3. 2. 1. 2.
s Qy a , d Rq a , c . . 1. 3. 3. 2.
=Rq b , d Ry b , c c a s d s b .  .  .  .2. 1. 1. 3. 1. 2. 2. 3.
s y x Rq x , y . 1. 1. Hc 2. 2.
 . qas required, where the second equality follows from 2.34 for R . ThisH
  . " .completes the proof of the fact that Hc H , R is coquasitriangular.Hc
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7. DRINFELD FUNCTIONALS AND THE ANTIPODE
 .OF Hc H
For a CCQT V-face algebra H , we define the linear functionals Un
 .n s 1, 2 on H via
U a s Qy a , a , U a s Qq a , a a g H 7.1 .  .  .  .  .  . 1 2. 1. 2 1. 2.
and call them Drinfeld functionals of H. In this section, we give variants of
Drinfeld's formulas for the elements u of quasitriangular Hopf algebrasn
without assuming the existence of the antipode. We use these results to
 .construct the antipode of Hc H , and also, to establish the theory of
 w x.``coribbon Hopf face algebras'' cf. 13 .
PROPOSITION 7.1. The Drinfeld functionals of a CCQT V-face algebra H
are in¨ertible in HU and satisfy the relations
Uy1 a s Qq a , a , Uy1 a s Qy a , a , 7.2 .  .  .  .  . 1 2. 1. 2 1. 2.
U "1 m 1 R "s Q " U "1 m 1 , 1 m U "1 Q "s R " 1 m U "1 , .  .  .  .n n n n
7.3 .
U "1 e e s d , U " e ae s U " e ae , 7.4 .  .Ê Ê Ê .  .n i j i j n i j n i j
U U s U U , 7.5 .1 2 2 1
mU U s RyRy U m U s U m U RyRy, 7.6 .  .  .  .21 21
y1 y1U y1 q q q qm U s R R U m U s U m U R R 7.7 .  .  .  .21 21
for each n s 1, 2, a g H and i, j g V , where U stands for U or Uy1.1 2
Proof. To begin with, we show that the braiding R " of a CQT V-face
algebra K satisfies
Rq Ry s Ry Ry Rq Rq. 7.8 .12 23 13 23 12 13
 .  .By the Yang]Baxter relation 2.33 , the right-hand side of 7.8 is
Ry Rq Rq Ry s mU 1 Rq Ry. 7.9 .  .1313 13 12 23 12 23
Hence, we obtain
Ry Ry Rq Rq a, b , c s Rq Ry ae , b , e c . .  . Ê Ê .13 23 12 13 12 23 k k
k
s Rq ae , b Ry b , e cÊ Ê .  .  k 1. 2. k
k
s Rq Ry a, b , c , . .12 23
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 .  .  .where the first equality follows from 2.5 , 2.6 , 2.8 and the last equality
 .  .  .  .follows from 2.25 , 2.26 , and 2.9 . Thus we get 7.8 . Substituting
 .  .  .a m s a m b into 7.8 for Hc H , we obtain2. 1.
Qq a , b Qy a , a . . 1. 3. 2.
s Ry a , b Qq a , b Qy a , a Rq a , b . .  .  . 3. 1. 2. 2. 4. 1. 5. 3.
s Qy a , a e Rq a , be . Ê .  2. 1. k 3. k
k
s Qy a , a Rq a , b , .  . 2. 1. 3.
 .  .  .where the second equality follows from 3.3 , 2.7 , and 2.8 , and the last
 .  .  .  . qequality follows from 2.25 , 2.26 , and 2.9 . This proves U m 1 R s1
q .  ".  cop ".Q U m 1 . By replacing H , R with H , R , we also obtain1 21
q .  . qR 1 m U s 1 m U Q . Substituting a m a into these two formu-1 1 2. 1.
las, we obtain
Qy a , a Rq a , a s Qq a , a U a , .  .  .  . 3. 2. 4. 1. 2. 1. 1 3.
Qy a , a Rq a , a s U a Qq a , a . .  .  .  . 3. 2. 4. 1. 1 1. 3. 2.
 .  .Using 3.3 and 2.7 , we see that the left-hand sides of these equalities are
« e a « e a s « e e a s « a . .  .  .  .  k 2. k 1. k k
k k
 .  ".  op ..This proves the first formula of 7.2 . By replacing H , R with H , R
 bop ".  .  .and H , R , we obtain remaining formulas of 7.2 and 7.3 . The first
 .  .  . " "  .relation of 7.4 follows from 2.27 and 2.28 for T s Q . Using 2.11
 . y1 . y1 .twice and 2.25 , we obtain U e a s U e a . Using this relationÊ1 i 1 i
 .together with 2.10 twice, we also obtain
U e a s U e a Uy1 a U a s U e a . .  .  .  .  .Ê1 i 1 i 1. 1 2. 1 3. 1 i
 .  .  .Other relations of 7.2 ] 7.4 are proved similarly. Using 7.3 for n s 1y
twice, we obtain
U Uy1 a s Ry a , a U a s Uy1 U a . .  .  .  . .  .1 2 1. 3. 1 2. 2 1
 .  .The proof of 7.6 ] 7.7 is essentially the same as that of Drinfeld's
original equalities. Hence we omit it.
PROPOSITION 7.2. For each CQT Hopf V-face algebra H , we ha¨e
U  "1. .1 U  "1. .1 y1  2 .U  .  U .S U s U , S U s U , and U X U s S X X g H .1 2 2 1 n n
y1 U In particular, S is bijecti¨ e and U U is a central element of H cf.1 2
 ..Remark 8.1 3 .
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Since we do not need this result, we omit the proof.
For each CCQT V-face algebra H and n s 1, 2, we define the coalgebra
automorphism S of H vian
S a s U a a Uy1 a a g H . 7.10 .  .  .  .  .n n 1. 2. n 3.
 .  .  .  .  .  .Using 7.6 , 7.7 , and 2.34 twice, we obtain S ab s S a S b . Hencen n n
S is an automorphism of H as a V-face algebra.n
 .LEMMA 7.3. In Hc H , we ha¨e the formulas
S a s a s « e a e , s a S a s « ae e .  .  .  .  .  . Ê   n 2. 1. k k 2. n 1. k k
k k
7.11 .
for each n s 1, 2 and a g H.
 .Proof. Using 6.10 , we obtain
S a s a s Qy a , a a s a Uy1 a .  .  .  .  . 1 2. 1. 3. 2. 4. 1. 1 5.
s Qy a , a s a a Uy1 a . .  .  . 4. 1. 2. 3. 1 5.
 .  .By 6.6 and 2.8 , the right-hand side of this equality is
Qy a e , a Uy1 a e s U e a Uy1 a e .  .Ê Ê .  .   2. k 1. 1 3. k 1 k 1. 1 2. k
k k
s « e a e , . k k
k
 .  .where the first equality follows from 2.26 and 2.11 and the second
 .  .equality follows from 2.11 and 2.6 . The proof of the other formula is
similar.
q  .op  .By the lemma above, the algebra map f : H ª Hc H ; a ¬ s a has
 .a ¬ S a as its antipode. Hence, by Theorem 5.1, there exists the antial-n
 .  .  .  .gebra endomorphism S on Hc H which sends as b to S b s a s1
 .  .  .  .  .S b s a . Using 6.6 , 2.11 , and 7.11 , we obtain2
S a s b a s b s « ae S b s b e . Ê .  .  .  . .  1. 2. 2. 1. k 1 2. 1. k
k
s « ae « e be e . .  . k l k l
k , l
 .  .The verification of other equalities in 2.14 ] 2.15 for S is straightfor-
 .ward. Therefore, S gives an antipode of Hc H . Thus, we complete the
proof of Theorem 5.1.
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w y1 x8. THE LOCALIZATION H G
Let g be an element of a V-face algebra H. We say that g is group-like
if the following relations are satisfied:
D g s ge m ge , « ge e s d , 8.1 .  .Ê Ê . k k i j i j
k
ge e s e e g i , j g V . 8.2 .  .Ê Êi j i j
Note that this definition agrees with the usual one when H is a bialgebra
  . .i.e., > V s 1 . In this section, we introduce a localization of CQT V-face
algebras with respect to their group-like elements, which is a generaliza-
w xtion of a construction of 5 . We also discuss the relation between the
localization and the Hopf closure.
For a CQT V-face algebra, we set
I " a s R " a , g a R . a , g , 8.3 .  .  .  .g 1. 2. 3.
e s Ry he , g Rq he , g e e 8.4 .  .  .Êg h k l k l
k , l
 .  .for each a g H and g, h g GLE H , where GLE H denotes the set of all
 .group-like elements of H. Let G be a subsemigroup of GLE H . For
 .  .  .  .a, g , b, h g H = G, we put a, g ; b, h if there exist c, d g H suchG
that ac s bd and gc s hd g G. Then ; defines an equivalence relationG
on H = G. For each a g H and g g G, we denote by arg the equivalence
 .class containing a, g .
THEOREM 8.1. Let H be a CQT V-face algebra and G a subsemigroup of
 . w y1 x  .GLE H . Let ; and arg be as abo¨e. Then H G [ H = G r;G G
becomes a CQT V-face algebra by setting e y1 s e r1, e y1 s e r1,Ê ÊH wG x, i i H wG x, i i
and
arg q brh s ahe q bg r hg , arg brh s a I y b r hg , .  .  .  .  . .g h g
8.5 .
D arg s a rg m a rg , « arg s « a , 8.6 .  .  .  . 1. 2.
Rq arg , brh s Ry a , h Rq a , b .  .  .  1. 2. 1.
k
=Ry ge , b Rq ge , h 8.7 . .Ê .k 2. k
w y1 xfor each i g V , a, b g H and g, h g G. If H is closable, then so is H G .
w y1 xThe correspondence a ¬ ar1 gi¨ es a map i : H ª H G of CQT V-faceG
 .  4algebras and we ha¨e Ker i s a g H N ga s 0 for some g g G .G
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We give the proof of the above theorem in the next section. It is easy to
w y1 xverify that H G has the following universal mapping property.
THEOREM 8.2. Let H and G be as in the abo¨e theorem. Let f : H ª K
 .  .be a map of algebras resp. V-face algebras, CQT V-face algebras . If f g is
w y1 xin¨ertible for each g g G, then there exists a unique map f : H G ª K ofG
 .algebras resp. V-face algebras, CQT V-face algebras such that the diagram






 . y1Each group-like element g of a Hopf V-face algebra satisfies S g s g
 w x.cf. 10, Sect. 7 . Hence, as an immediate consequence of the universal
 . w y1 xmapping property of Hc H and H G , we obtain the following.
THEOREM 8.3. Let H be a CCQT V-face algebra and G a subsemigroup
 . w y1 x  .of GLE H . Then there exists a map H G ª Hc H of CQT V-face
 .  .y1  . w y1 xalgebras, which sends arg to i a i g a g H , g g G . If H G has an
antipode, then
w y1 xHc H ( H G . 8.8 .  .
Let H be a commutative bialgebra. We regard H as a CCQT bialgebra
" " w x w y1 xwith R s Q s 1. In 29 , M. Takeuchi showed that H G is a Hopf
algebra for sufficiently large G. Hence, for example, we have the following
 w x .see 29 for stronger results .
 .COROLLARY 8.4. For a commutati¨ e bialgebra H , we ha¨e Hc H (
w  .y1 xH GLE H .
 .  w x.  .Remark 8.1. 1 cf. 5, 30, 4 Let R X be the solution of theq
Ï  ..Yang]Baxter equation of type X s B , C , or D . Then A R X has aN N N q
unique group-like element quad of degree two, which makesq
Ï y1  ..w xA R X quad a Hopf algebra. Hence we haveq q
y1Ï ÏHc A R X ( A R X quad . 8.9 .  .  . /  / /q q q
w xSince quad is not a zero divisor 4, Theorem 5.7 , the canonical map i:q
Ï Ï  ..    ...A R X ª Hc A R X is injective. This disproves the assertionq q
Ï .    ... w x  .  .Fun G ( Hc A R X stated in 24 , where G s SO 2 N q 1 , Sp 2 N ,q q
 .  .or SO 2 N according to X s B , C , or D , because Fun G is con-N N N q
Ï  ..structed as a quotient of A R X .q
QUANTUM GROUPS AND QUANTUM SEMIGROUPS 251
 .  .2 Unfortunately, the canonical map i: H ª Hc H is not necessarily
injective. To see this, we define a two-dimensional closable Yang]Baxter
 .  .  4vertex model w by w u m u s a u m u p, q s 1, 2 , where u , ua a p q p q q p 1 2
2  4denotes a basis of a vector space V ( K and a s a denote nonzerop q
parameters such that a 2 , a 2 , and a a are distinct. The defining11 22 11 22
p .  .relations of A w with respect to t s e are given bya p q q
t t s t t s t t s t t s 0, t t s t t p / q . 8.10 .  .p p p q p p q p p q p p q p p p p p qq qq p p
It is easy to see that t 2 is a group-like element and that t 2 t s 0. Hence11 11 21
 .  .w 2 :y1 x2t belongs to the kernel of i : A w ª A w t . By the above21  t : a a 1111
 .   ..theorem, this proves that A w ª Hc A w is not injective. In fact,a a
  .. w :  :xHc A w is identified with the group algebra K t = t equippeda 1 2
q .  . w :  :xwith braiding R t , t s a via the map i: A w ª K t = t ;p q p q a 1 2
 :  :t ¬ t , where t and t denote cyclic groups of infinite order. Next,i j i 1 2
 .U  .we define a representation of A w on V via Xu s  u X ta q p p p q
  .U .X g A w . By the definition of the FRT construction, this representa-a
tion is absolutely irreducible. On the other hand, we have U Uy1 u s1 2 p
y2 y1  .U a u . Hence, by Schur's lemma, U U is not central in A w cf.p p p 1 2 a
.Proposition 7.2 .
 .  . w  .y1 x3 Unfortunately, the isomorphism Hc H ( H GLE H does not
hold in general. In fact there exists a two-dimensional closable solution R
Ï .of the Yang]Baxter equation of vertex type such that A R has no
 w x.non-trivial group-like element see 31 .
w y1 x9. THE CONSTRUCTION OF H G
PROPOSITION 9.1. Let H and K be V-face algebras and T q an in¨ertible
 . yskew pairing on H , K with generalized in¨erse T .
 .  . " .y1 . .1 For each g g GLE H , we ha¨e T g s T g in the algebraL L
KU.
 . " y1 . . .2 If g is in¨ertible, then T g s T g .L L
 . " . " .3 For x g K and i, j g V , we ha¨e T g, e xe s T g, e xe .Ê Êi j i j
 .  .  .Proof. Using 2.9 and 2.25 ] 2.26 , we obtain
T " g , x T . g , x s T "T . g , x s « x . .  .  .  .  . 1. 2.
 .  .  .  .This proves Part 1 . Part 2 follows from Lemma 2.4 and Part 1 . Part 3
 .  .  .follows from 2.25 ] 2.26 and 8.2 .
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COROLLARY 9.2. For a group-like element g of a CQT V-face algebra H ,
. . " .y1 . . " .y1we ha¨e R g s R g , and R g s R g . If , in addition, H isL L R R
closable, then,
Q " g s R " g , Q " g s R " g . 9.1 .  .  .  .  .L L R R
 wThe proof of the following proposition is straightforward cf. 5, Theo-
x.rem 2.1 .
PROPOSITION 9.3. Let H be a CQT V-face algebra. For each g g
 . q  .GLE H , I s I in 8.3 gi¨ es an automorphism of H as a CQT V-faceg g
algebra, whose in¨erse is I y. The correspondence g ¬ I is a semigroupg g
 .  .homomorphism from GLE H into Aut H .
PROPOSITION 9.4. Let H be a CQT V-face algebra. Let a and g be
 .elements of H and GLE H , respecti¨ ely. Then,
 .  . y1 .1 We ha¨e ga s I a g and ag s g I a .g g
 .2 We ha¨e ga s 0 if and only if ag s 0.
 . "1 .3 For another group-like element h, e is in¨ertible and I h sg h g
e.1h.g h
 .  .  .  .4 For each subsemigroup G of GLE H and a, g , b, h g H = G,
 .  .a, g ; b, h if and only if there exist elements s, t of G such that as s btG
and gs s ht.
 .  .  .Proof. Substituting b s g into 2.34 and using 2.25 and 2.9 , we
obtain
Rq a , g a g s ga Rq a , g . .  . 1. 2. 1. 2.
 .  .Hence the first formula of Part 1 follows from Corollary 9.2. Part 3
 .  .easily follows from Part 3 of Proposition 9.1. The proof of Parts 2 and
 . w  . x4 is similar to that of 5, Theorem 2.2 3 and Theorem 3.1 , respectively.
 w x.By the localization theory of non-commutative algebras cf. 27 , the
w y1 x  .proposition above implies that H G becomes a K-algebra via 8.5 and
 .that i a s 0 if and only if ga s 0 for some g g G. Moreover by similarG
w x w y1 xdiscussions to the proof of 5, Theorem 3.1 , we see that H G becomes
 .a V-face algebra via 8.6 . The rest of the assertions of Theorem 8.1 easily
 w x.follows from the next proposition and we omit the detail cf. 5 .
PROPOSITION 9.5. Let H be a CQT V-face algebra and G a subsemigroup
 . qof GLE H . Let K be another V-face algebra and T an in¨ertible skew
 . ypairing on H , K with generalized in¨erse T . Then, there exists the in¨ertible
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q  w y1 x .skew pairing T on H G , K gi¨ en byG
T q arg , x s T q a, x T y g , x , 9.2 .  .  .  .G 1. 2.
T y arg , x s T q g , x T y a, x 9.3 .  .  .  .G 1. 2.
for each a g H , g g G, and x g K.
 .  .Proof. Using Part 4 of the above proposition and Part 1 of Proposi-
 .  .tion 9.1, we see that 9.2 and 9.3 give well-defined bilinear pairings
 w y1 x .on H G , K . Now the assertion follows from similar discussions of
w x5, p. 152 , so we omit the detail.
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